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394. 


ON A LOCUS IN RELATION TO THE TRIANGLE. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. vim. (1867), 
pp. 264—277.] 


Ir from any point of a circle circumscribed about a triangle perpendiculars are 
let fall upon the sides, the feet of the perpendiculars lie in a line; or, what is the 
same thing, the locus of a point, such that the perpendiculars let fall therefrom upon 
the sides of a given triangle have their feet in a line, is the circle circumscribed 
about the triangle. 


In this well known theorem we may of course replace the circular points at 
infinity by any two points whatever; or the Absolute being a point-pair; and the 
terms perpendicular and circle being understood accordingly, we have the more general 
theorem expressed in the same words, 


But it is less easy- to see what the corresponding theorem is, when instead of 
being a point-pair, the Absolute is a proper conic; and the discussion of the question 
affords some interesting results. 

Take (c=0, y=0, z=0) for the equations of the sides of the triangle, and let 
the equation of the Absolute be 


(a, b, c, f, 9, hý, y, 2} =0, 

then any two lines which are harmonics in regard to this conic (or, what is the 
same thing, which are such that the one of them passes through the pole of the 
other) are said to be perpendicular to each other, and the question is: 

Find the locus of a point, such that the perpendiculars let fall therefrom on the 
sides of the triangle have their feet in a line. 

Supposing, as usual, that the inverse coefficients are (A, B, C, F, G, H), and that 
K is the discriminant, the coordinates of the poles of the three sides respectively are 
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(A, H, ®©, (H, B, F), (G, F, C). Hence considering a point P, the coordinates of which 
are (x, y, 2), and taking (X, Y, Z) for current coordinates, the equation of the perpen- 
dicular from P on the side X =0 is 


A, » ab Z = 0, 
as Ypg 
fy. Thi. 2B 


and writing in this equation X =0, we find 

( 0  , Ay—Ha, Az— Gx) 
for the coordinates of the foot of the perpendicular. For the other perpendiculars 
respectively, the coordinates are 


(Be-Hy, 0 , Bz- Fy), 
and 
(Co—Gz, Cy= Fz, 0} 


and hence the condition in order that the three feet may lie in a line is 
ae Ay — Ha, Az- Gx |=0; 
Ba — Hy, 0 , Bze-Fy 
Cx— Gz, Cy — Fez, 0 
or, what is the same thing, 
(Ay — Ha) (Bz — Fy) (Ce — Gz) + (Az — Ga) (Ba — Hy) (Cy — Fz) = 0, 


that is 
2 (ABC — FGH) xyz 


+A( FH— BG)y2#+A(FG — CH) yz 
+B( FG — CH) 20+ B(GH—- AF) zx 
+C( GH-— AF)a+C (AF — BG) wy =0, 


which is the equation of the-locus of P; the locus is therefore a cubic. Writing 
for a moment 


(BC -— F?, CA—G*, AB- H?, GH — AF, HF- BG, FG-—CH)=(A’, B’, C, F, œ, A’), 
and K’ for the discriminant ABC — AF? — &c., the equation is 
2(ABC — FGH) xyz + Ayz (Hy + G'z) + Bex (H's + Fz) + Cay (@a+ Fy) =0, 
or as this may also be written 


2 


A ae B yy! 4 C a ae 
Pay ABC — FGM) aye + pY? (S +m) + gy (et) t pe (P+ A = 0, 
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that is 


AELE ye 


2 A B C BA Otay Se 


and the cubic will therefore break up into a line and conic if only 


2 


55 


0, 


and it is easy to see that conversely this is the necessary and sufficient condition in 


order that the cubic may so break up. 


The condition is 


Q = 2F' Œ H (ABC — FGH) — AGH” — BH? F? — CF°@? =0, 
we have 
AA’ + BB’ +C =34AB0 — AF? — BG?— CH?, = K' +2(ABC—FGH), 
and thence 


Q= PŒ H (AA’+ BB + CC’ — K’) — AGR” — BR”F” — OF°G”, © 
that is 


Q=- AGH (ŒH — A'P)— BH'F' (HF — BQ) -OFE (PF'E -CH)-K’F@H, 
=— AGH’K'F-—BH'FR'G-CF@KH-KF@H, 
=— K (AF@H’ + BGH F + CHF'Q@'+ FQ), 
so that the condition Q =0 is satisfied if K’=0, that is if the equation 


(A, B, C, F, G, HYE, n, $=0, 


which is the line-equation of the Absolute breaks up into factors; that is, if 
Absolute be a point-pair. 


In the case in question we may write 


(A, B, C, F, G, HE, n, SP =2 (aE + Bn + 78) (E + Bn + Y8), 
that is 
(A, B, C, F; G, H)=(2aa’, 288’, 2yy’, BY + B’y, yo’ +4'a, a8’ +a'B), 
whence also, putting for shortness, 
(BY — B’y, ya — y'a, a’ — a/R) = (A, p v), 
we have 
(A’, B CO, P @, HSL aA Tane vr, Ap), 
and also 


K’ =0, 2(4B0—FGH)= AA’ + BB’ + CC’, =—2 (ad? + BB'u? + yr’). 
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The original cubic equation is 
(aar + BPR + yy'v*) aye + aalryz (my +2) + BR’ pew (Aw + v2) + yy'vey (Aw + wy) =0, 
and this in fact is 
(ad ryz + BB’ wza + yy vey) (Aw + wy + vz) =0. 
The equation Aw+pyy+vz=0 is that of the line through the two points which 
constitute the Absolute; the other factor gives 
aa’ dyz + BB wor + yy vay = 0, 


which is the equation of a conic through the angles of the triangle (c=0, y=0, z=0), 
and which also passes through the two points of the Absolute; in fact, writing (a, 8, y) 
for (a, y, 2) the equation becomes agy (a^ + Bu + yv)=0, and so also writing (a, B, y) 
for (a, y, z) it becomes «'B'y' (an+ Bu +yv)=0, which relations are identically satisfied 
by the values of (A, p, v) Hence we see that the Absolute being a point-pair, the 
locus is the conic passing through the angles of the triangle, and the two points of 
the Absolute; that is, it is the circle passing through the angles of the triangle. 


But assuming that K’ is not =0, or that the Absolute is a proper conic, the 
equation Q =0 will be satisfied if 


AFGQ'H + BGH'F + CHF G@ + FQ/H' =0, 


we have F, @, H’=Kf, Kg, Kh respectively, or omitting the factor K*, the equation 
becomes 


AF gh + BGhf + CHfg + Kfgh = 0, 
FeFe — begh — cak f? — abf*g? + 2abefgh = 0, 


or, as it may also be written, 


which is 


Ps We Se ee 
abef gilt (5 — apa ng at Joh) = ° 


I remark that we have ABC — FGH = K (abe —fgh); substituting also for F, Œ, H’ 
the values Kf, Kg, Kh, the equation of the cubic curve is 
2 (abe — fgh) aye + Ayz (hy + gz) + Bzæ (ha + fy) + Cay (ge + fy) =0, 
and the transformed form is 
FE (abe — fgh) -5-5 | syz + (Guz+2 +7 ay) (3+2+7)=0; 

we have 
A. B G 1 1 1 1 2 
j us e BAT pr om 

so that the foregoing condition 


popes Meee ECS 
abe, af? > by") ae jon 
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Hooy me 
F gh 


A a Kee =0 
FI gif 5 ty =O: 


being satisfied, the cubic breaks up into the line = 0, and the conic 


It is to be remarked that in general a triangle and the reciprocal triangle are 
in perspective; that is, the lines joining corresponding angles meet in a point, and 
the points of intersections of opposite sides lie in a line; this is the case therefore 
with the triangle (c=0, y=0, z=0), and the reciprocal triangle 


(ax + hy +gz=0, hæ +by+fz=0, gx + fy+ c2= 0); 
and it is easy to see that the line through the points of intersection of corresponding 


sides is in fact the above mentioned line Z t +7=0. It is to be noticed also that 


f 


the coordinates of the point of intersection of the lines joining the corresponding 
angles are (F, G, H). The conic 


A B C 
el he Cy 


is of course a conic passing through the angles of the triangle (c=0, y=0, z=0); 
it is not, what it might have been expected to be, a conic having double contact with 
the Absolute (a, b, c, f, g, hýæ, y, 2). 


I return to the condition 


HD Maat CS 

abe afe bg ole * fgh =” 
this can be shown to be the condition in order that the sides of the triangle 
(c=0, y=0, z=0), and the sides of the reciprocal triangle (az +hy+gz=0, hæ + by+/fz=0, 
gx+fy+cz=0) touch one and the same conic; in fact, using line coordinates, the 
coordinates of the first three~sides are (1, 0, 0), (0, 1, 0), (0, 0, 1) respectively, and 
those of the second three sides are (a, h, g), (h, b, f), (9, f, c) respectively; the equation 
of a conic touching the first three lines is 


St es” 


and hence making the conic touch the second three sides, we have three linear 
equations from which eliminating Z, M, N, we find 


ag: Mile 
raid Sat 2 
+ pid 
aie Siete 
ee DNR. 
gf’ 
Which is the equation in question. 
C. VI. 8 
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We know that if the sides of two triangles touch one and the same conic, their 
angles must lie in and on the same conic. The coordinates of the angles are (1, 0, 0), 
(0, 1, 0), (0, 0, 1) and (A, H, G), (H, B, F), (Œ, F, C) respectively, and the angles will 
be situate in a conic if only 


1 1 1 
hs Be eee 
Areik sy 
Fl al? oil tat 
Latit 
Ge Ngee eg 


an equation which must be equivalent to the last preceding one; this is easily verified. 
In fact, writing for shortness 


Co i | a Pony, 

V= a’ h’ g ’ O= A’ H’ G 4 
i isg 1 1 1 
EEN eg He Fee 
Ligh E- oluy hal 
g yoo all Ba 

we have 
1 
-0 = gag pi BO-P) + pean FO - CH) + pray (HF - BG, 
= spam (APH + hABFG +g0AHP), 


and the second factor is 


=aGH (AF + Kf) + AFhBG + AFgCH, 


= AF (aGH +hBG + 9gCH) + KafGH. 
But 
aGH+hBG+gCH= G(aH+hB)+g9CH=G—gF + CH, 
= G-—gF+ CH, 
=—9 (FG — CH), 
=—ghk, 


so that the second factor is 
= K (afGH — ghA F), 
which is 
= K (f°g*h? — beg*h? — cah? f? — abf*g? + 2abefgh), 
t i 8) 
abe af? bg? chè" fgh/’ 
= Kabef*gh’V , 


= Kabefg ae 
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so that we have identically 
— ABCP°@CH?O = Kabef*¢h?V , 
and the conditions V =0, O=0 are consequently equivalent. 


The condition 


1 
i Ead ie ea Ge. 


ch? foh = 0, 


is the condition in order that the function 


BDA e GE a: C | i 
(=. b’ an P’ g’ 5 hae, by, cz), 


may break up into linear factors; the function in question is 


(a b,c, =, —, N Y, z} 
2 ? > Fa 3 3 } ? > 2 
which is 


A B C 
=(a, b; o h g, h¥a, y, ap+2(S Z+—2a+—2 Ja 
( Eemer P42 | yale t atg 
so that the condition is, that the conic 
(a, b,¢,f, g, hie, Y, p42 (Syst Tae + pay) =0, 


(which is a certain conic passing through the intersections of the Absolute 


(a, b, o, f, g, h&a, y, z?=0, and of the locus conic Syt ant : ay=0) shall be a 


pair of lines. Writing the equation of the conic in question under the form 


be ca ab 
a, b, Cis. > “Sars “a az, , z}=0, 
( ae Te Y 

the inverse coefficients A’, B’, 0’, FP, G’, H’ of this conic, are 


(Ate, Boa Oa abo» _ oho g _ abo 
SV ot gael REY Ogee eae. ee 
so that we have F’: Œ@ : H’=F:G: H. Hence, if in regard to this new conic we 
form the reciprocal of the triangle (2=0, y=0, z=0), and join the corresponding 
angles of the two triangles, the joining lines meet in a point which is the same 


point as is obtained by the like process from the triangle and its reciprocal in regard 
to the Absolute. But I do not further pursue this part of the theory. 


G, H) : 


It is to be noticed that the conic 


A B C 
Fut zæ + 7 wy =0, 
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contains the angles of the reciprocal triangle, and is thus in fact the conic in which 
are situate the angles of the two triangles. For the coordinates of one of the angles 
of the reciprocal triangle are (A, H, G); we should therefore have 

A marga} AH=0, 

t; g h 


which is 
A 
fgh 


or attending only to the second factor and writing 


(GHgh+ BGhf + CHfg) =0, 


GH = Kf+ AF, 
the condition is 
Kfgh + AF gh + BGhf + CHfg = 9, 


or substituting for K, A, B, C, F, G, H their values and reducing, this is 


1 1 1 1 2 
D Fol M ee SB ENIA E E E A a E 
PYA (ate af? bg? ch? ¥ a j 
which is satisfied: hence the three angles of the reciprocal triangle lie on the conic 
in question, 


Partially recapitulating the foregoing results, we see in the case where the Absolute 
is not a point-pair, that the locus of a point such that the perpendiculars from it 
on the sides of the triangle have their feet in a line, is in general a cubic curve 
passing through the angles of the triangle: if, however, the condition 


Seale TT 
abe af? bg? ch?’ fgh — 
be satisfied, that is, if the triangle be such that the angles thereof and of the 
reciprocal triangle lie in a conic (or, what is the same thing, if the sides touch a 
Z 
h 


through the points of intersection of the corresponding sides of the two triangles, and 
into the conic 


0 


conic) then the cubic locus breaks up into the line ~+242=0, which is the line 
Siggy Daily Gigai o 
Ay USt A ` 

which is the conic through the angles of the two triangles. 


The question arises, given a conic (the Absolute) to construct a triangle such that 
its angles, and the angles of the reciprocal triangle in regard to the given conic, lie 
in a conic. 
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I suppose that two of the angles of the triangle are given, and I enquire into 
the locus of the remaining angle. To fix the ideas, let A, B, C be the angles of the 
triangle, A’, B’, C’ those of the reciprocal triangle; and let the angles A and B be 
given. We have to find the locus of the point O: I observe however, that the lines 
AA’, BB’, CC’ meet in a point O, and I conduct the investigation in such manner 
as tu obtain simultaneously the loci of the two points C and O. The lines C’B’, C'A’ 
are the polars of A, B respectively, let their equations be æ=0, and y=0, and let the 
equation of the line AB be z=0; this being so, the equation of the given conic will 
be of the form : 


(a, b, c, 0, 0, AYax, y, zP=0. 


I take (a, 8, y) for the coordinates of O and (a, y, z) for those of C; the 
coordinates of either of these points being of course deducible from those of the other. 


Observing that the inverse coefficients are 


(bc, ca, ab —h?, 0, 0, — ch), 
we find 
coordinates of A are ( b, —h, 0), 


» B » (— h, a, 0). 


The points A’ and B’ are then given as the intersections of AO with C’A’(y=0) and 
of BO with O’B’(#=0); we find 


coordinates of A’ are (ha + b£, 0 hy), 

ie Br OM :, E wahe, hey). 
Moreover, coordinates of C’ are (0, 0, 1), 
GC 5 @.y,'s) 


The six points A, B, C, A’, BY, C are to lie in a conic; the equations of the 
lines ŒA, ŒB, AB are hX+bY=0, aX +hY=0, Z=0, and hence the equation of a 
conic passing through the points C’, A, B is 


L TT + i Dide 
FIr yr AT 


» 


0. 


Hence, making the conic pass through the remaining points A’, B', C, we find 


Eu koua AS a E al) 
a(ha+bB) h(ha+bB) hy 
gasthe SAN, aN 
h(aa+hB)* b(aa+hB) hy 
L ar ia eae gi 


ax + hy y hæ + by z 
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and eliminating the Z, M, N, we find 


1 1 
R i aiti ide 
1 1 
h ’ b ’ aa + hB 
eee aa ae 
ax+hy’ he+by’ Z 
or developing and reducing, this is 
_(ab—W)y l1aa+the , 1ha+bg 
hab z hasv+hy h hæ+ by 
l aa+hB 1 ha+bß_ 


a he+by iath 


[394 


We have still to find the relation between (a, 8, y) and (æ, y, z); this is obtained 
by the consideration that the line A’B’, through the two points A’, B’ the coordinates 
of which are known in terms of (a, £, y), is the polar of the point C, the coordinates 


of which are (a, y, z) The equation of A’B’ is thus obtained in the two forms 


(aa +h) X + (ha + bf) y — ener) 2 = 0, 


and 


(ax +hy) X + (ha + by) Z + cz Z=0, 
and comparing these, we have 
@ Yor f= @ : Bos a 
or what is the same thing 
N E AR E k Ee 


? 


(where it is to be observed that the equation a: B=: y is the verification of the 


theorem that the lines AA’, BB’, CC’ meet in a point OQ). 


We may now from the above found relation eliminate either the (a, 8, y) or the 


(x, y, 2); first eliminating the (a, 8, y), we find 
ab—-h? Y 2 law+hy 1 he+by 


hab ZR a hat+by b awtby” 


where 
Y __(ax+hy)(hæ + by) 


| -z ch2* i 

or, completing the elimination, 
ab — k (ax + hy) (hæ + by? 

ch z? 


which is a quartic curve having a node at each of the points 


(z=0, as + hy = 0), (2=0, hæ +by=0), (ax+hy=0, ha+by=0), 
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that is, at each of the points B, A, ©. The right-hand side of the foregoing 
equation is 


=—(ab— h) (ha, ab, hb¥a, y}, =—(ab—h)h G + by? + i zy) 


so that the equation may also be written 
(ax + hy) (ha + by) + ch?2 (ax? + by? + os ny) =0. 


Secondly, to eliminate the (a, y, 2), we have 


ab — P Y 2 laathP 1 ha+bß 


Uae OT h arb earher 


where 
75r Mf oi sit 
| (aa + TB) (ka +B) (ha + bB)’ 
or, completing the elimination, 


(ab—h?)chy?= (hb, — ab, haaa +h, ha+bpy 


=—(ab— ht) h (aat + 06° +p), 


(a b, ¢, 0, 0, ote B, y} =0. 


Writing (æ, y, z) in place of (a, £, y), the locus of the point O is the conic 


that is 


(a, b, c, 0, 0, x, Y, z}=0, 
which is a conic intersecting the Absolute 
(a, 6, c, 0, 0, h¥a, y, 2)? =0, 
at its intersections with the lines æ= 0, y=0, that is the lines C’B’ and C'A’. 


In regard to this new conic, the coordinates of the pole of C’B’(a=0) are at 
once found to be (—A, a, 0), that is, the pole of C’B’ is B; and similarly the coordi- 
nates of the pole of C’A’(y=0) are (b, —h, 0), that is, the pole of C'A’ is A. We 
may consequently construct the conic the locus of O, viz. given the Absolute and the 
points A and B, we have O'A’ the polar of B, meeting the Absolute in two points 
(a, a), and O'B’ the polar of A meeting the Absolute in the points (b, and b,); the 
lines C'A’ and C’B’ meet in CO’. This being so, the required conic passes through the 
points a, a, bı, ba the tangents at these points being Aa, Aa,, Bb,, Bb, respectively ; 
eight conditions, five of which would be sufficient to determine the conic. It is to be 
remarked that the lines C’B’, C'A’ (which in regard to the Absolute are the polars of 
A, B respectively) are in regard to the required conic the polars of B, A respectively. 


The conic the locus of O being known, the point O may be taken at any point 
of this conic, and then we have A’ as the intersection of C’A’ with AO, B’ as the 
intersection of C’B’ with BO, and finally, C as the pole of the line A’B’ in regard 
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to the Absolute, the point so obtained being a point on the line C’O. To each position 
of O on the conic locus, there corresponds of course a position of C; the locus of C 
is, as has been shown, a quartic curve having a node at each of the points C’, A, B. 


The foregoing conclusions apply of course to spherical figures; we see therefore that 
on the sphere the locus of a point such that the perpendiculars let fall on the sides of a 
given spherical triangle have their feet in a line (great circle), is a spherical cubic. If, 
however, the spherical triangle is such that the angles thereof and the poles of the sides 
(or, what is the same thing, the angles of the polar triangle) lie on a spherical conic ; 
then the cubic locus breaks up into a line (great circle), which is in fact the circle 
having for its pole the point of intersection of the perpendiculars from the angles of the 
triangle on the opposite sides respectively, and into the before-mentioned spherical conic. 
Assuming that the angles A and B are given, the above-mentioned construction, by 
means of the point O, is applicable to the determination of the locus of the remaining 
angle O, in order that the spherical triangle ABC may be such that the angles and 
the poles of the sides lie on the same spherical conic, but this requires some further 
developments. The lines C’B’, C'A’ which are the polars of the given angles A, B 
respectively, are the cyclic arcs of the conic the locus of O, or say for shortness the 
conic O; and moreover these same lines O’B’, C'A’ are in regard to the conic O, 
the polars of the angles B, A respectively. If instead of the conic O we consider the 
polar conic O’, it follows that A, B are the foci, and C'A’, C’B’ the corresponding 
directrices of the conic 0’. The distance of the directrix C'A’ from the centre of the 
conic, measuring such distance along the transverse axis is clearly =90°— distance of 
the focus A; it follows that the transverse semi-axis is =45°, or what is the same 
thing, that the transverse axis is =90°; that is, the conic O’ is a conic described 
about the foci A, B with a transverse axis (or sum or difference of the focal distances) 
= 90°. Considering any tangent whatever of this conic, the pole of the tangent is a 
position of the point O, which is the point of intersection of the perpendiculars let 
fall from the angles of the spherical triangle on the opposite sides; hence, to complete 
the construction, we have only through A and B respectively to draw lines AC, BC 
perpendicular to the lines BO, CO respectively; the lines in question will meet in a 
point C, which is such that CO will be perpendicular to AB, and which point C is 
the required third angle of the spherical triangle ABC. In order to ascertain whether 
a given spherical triangle ABC has the property in question (viz. whether it is such 
that the angles thereof and of the polar triangle le in a spherical conic), we have 
only to construct as before the conic O’ with the foci A, B and transverse axis = 90°, 
and then ascertain whether the polar of the point O, the intersections of the perpen- 
diculars from the angles of the triangle on the opposite sides respectively, is a tangent 
of the conic 0’. It is moreover clear, that given a triangle ABC having the property 
in question, if with the foci A, B and transverse axis = 90° we describe a conic, and 
if in like manner with the foci A, C and the same transverse axis, and with the foci 
B, Č and the same transverse axis, we describe two other conics; then that the three 
conics will have a common tangent the pole whereof will be the point of inter- 
section of the perpendiculars from the angles of the triangle ABC on the opposite sides 
respectively. 
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